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Abstract

We consider the dynamics of a quantum particle in a one-dimensional periodic
potential (lattice) under the action of a static and time-periodic field. The
analysis is based on a nearest-neighbour tight-binding model which allows
a convenient closed form description of the transport properties in terms of
generalized Bessel functions. The case of bichromatic driving is analysed in
detail and the intricate transport and localization phenomena depending on the
communicability of the two excitation frequencies and the Bloch frequency are
discussed. The case of polychromatic driving is also discussed, in particular
for flipped static fields, i.e. rectangular pulses, which can support an almost
dispersionless transport with a velocity independent of the field amplitude.

PACS numbers: 03.65.—w, 78.67.Pt

1. Introduction

Quantum transport properties in periodic structures (lattices) are highly non-intuitive, in
particular in view of their localization properties (see, e.g., [1]). Classically, a particle in
a periodic potential is localized in a single well at low energies, whereas a quantum system
shows the well-known Bloch band/gap structure with transporting bands. If a constant field
Fy is added, the quantum states in a band with width G become localized to an interval
G/ Fy, contrary to our intuition. In this region, the wavefunctions show the celebrated Bloch
oscillations [2] with the Bloch frequency wg = Fyd /h, where d is the period of the potential,
and there is no directed transport. This localization is, of course, approximate because of
the decay to infinity by Zener tunnelling [3], an effect of longer timescales at least for weak
fields. An additional time-periodic driving F(¢) re-introduces the quantum transport which
can be suppressed again for special choice of the parameters. In the following we will neglect
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the decay and confine ourselves to the minimal model system, the single-band tight-binding
Hamiltonian with nearest-neighbour coupling,

. G +00 +00
H = —Ze;m(w)(ﬁ + 1]+ €+ 1){£)) +dFZ:Z_:OOE|Z)(E|, D

where |¢) are the Wannier states which are exponentially localized in the ¢th potential well
and G is the width of the Bloch band for F = 0. Let us recall that for a static field F = Fj the
extension of the Bloch oscillation is approximately

L =G/F, )

as easily deduced from the tilted band picture.
For the best understood case of a monochromatic driving F () = Fy — F)cos(wt)
where the driving frequency is in resonance with the Bloch frequency, wg = nw;,n =
1,2, ..., asuppression of transport, denoted as a dynamic localization, is found if the condition

is satisfied [1, 4, 5], where J, (z) is the (ordinary) Bessel function. Otherwise transport with a
velocity proportional to J, (dF} /hwy) is found.

For the general case of a bi- or polychromatic periodic driving the particle dynamics is
found to be quite complicated and unexpected effects have been observed. These effects may
be used to manipulate the quantum dynamics. The aim of the present study is to investigate
the transport and localization properties for a bi-chromatic driving extending previous studies
by Liu and Zhu [6], Yashima et al [7] and Suqing et al [8]. In addition, we will also consider
the even less explored realm of polychromatic driving.

We base our analysis on a Lie-algebraic approach introduced by one of the authors [9]
(see also [10] for an extension to two space dimensions). Following [9], we introduce the
abbreviations f; = dF (t)/h and g = —G /4h, which may also depend on time in general. Then
the Hamiltonian can be conveniently expressed in terms of the Hermitian position operator
N = >, £1£) (€| and the unitary shift operator K = Yo loe+1:

1. A oA N
5H=g(K+K')+f,N. 4)
The dynamics of expectation values depends on the initial state
Wt =0) =) clt) 5)
¢
characterized by the coherence parameters
K=Y c jce=|K|e" (6)
¢
L= cjco=]|L|e" (7)
¢
T =@ = e} jep = |J]e". (8)
¢

In the following we will assume a symmetric normalized Gaussian state ¢, ~ e¢~*/47" which
allows for a broad initial distribution (¢ > 1) an approximate evaluation of the coherence
parameters by replacing sums by integrals:

K ~e /87 L~e 127 J ~0. )

The time evolution operator can be written as a product of exponentials [9],
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U(t) = eV g=ink o=ix KT (10)

with
t t . .
ul =/ frdr and Xi =g/ e dr = |x ] e . (11
0 0

An advantage of the product form (10) is the simple evaluation of matrix elements and
expectation values, as for instance the mean value of the position N,

(N), = (N)o+i(x: (K)o — x(K")o) = (N)o +2|K || x| sin(¢y — &) (12)

with the coherence parameter K = |K | elr specified in (6). For a symmetric initial state we
have k = 0 and an elementary calculation provides an upper bound of the mean transport
velocity

Ay, — (R
Vigans = ”l# < 2lgK]. (13)

The time evolution of the width of the wave packet is given by [9]
AR (1) = AF(0) +20x: {1 — | L] cos2¢y — v) — 2|K|* sin’ (¢ — «)}

+21x {2(N)o| K | sin(2¢, — &) + |J| sin* (¢, — )} (14)
which simplifies to
AX (1) = AN (0) + 2], {1 — |L| cos(2¢,) — 2|K|* sin*(¢,)} (15)

for a real symmetric Gaussian initial wave packet. With |K| = e'/87" and |L| = e~'/2" the
dispersion depends on o as A% (1) — A3 (0) ~ 1/0? for large values of o. This leading order
term can, however, be suppressed at times ¢ for which the function y; is purely imaginary, i.e.
cos(2¢;) = —1 and sin?(¢;) = 1. One can easily show that this implies
1 _

AY@O) = AJO) = x5 + 00 ™°) (16)
and the dispersion is strongly reduced at these times. This condition will be satisfied for the
example of the shuttling transport discussed below in section 5.1.

2. Time periodic driving

In the following, we will assume a time-independent nearest-neighbour coupling g > 0 and a
periodic driving term

fr=fo+ [, frr =T, a7
where fy < 0 is constant and f, vanishes on the average. This implies a Bloch frequency
wp = fo.

It can easily be shown by Fourier expansion that both functions in (11) can be separated

into a linear growing and a periodically oscillating part (cf [8, 9]):

ne = fot + 1, Xe =vt/2+ X (13)
where y is different from zero if the driving period T is in resonance with the Bloch period
TB =2r / wg,

T = nTs, neN. 19)
The coefficient y controlling the transport properties is given by

T
— Zﬁ _ 2_g e—inwt—if], dr

T T J (20)
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with w = 27/T. At time T the time evolution operator (10) commutes with K and the
simultaneous eigenstates of K and U (T') have eigenvalues e/ and e 7, respectively, where
the quasienergy € depends on the quasimomentum « as

€(x) = |yl cos(k +arg(y)), 2D
denoted as the (quasi)dispersion relation. It may be of interest to realize that the possible
values of y are bounded by the width of the dispersion relation for the non-biased system

lyl < 2lgl, (22)

a well-known property of Fourier integrals.
The mean value of the wave packet moves with an average velocity,

(N)rd
Virans = TT = Virans d

i (23)
Vtrans = 7(XT<1%>0 — x3(KT)o) = —|y|IK | sin(k +arg(y)),

where the initial condition is written as (K)o = |K|e™. As expected, this mean velocity can
also be expressed as vyans = de/dk|,. Note that vy, is bounded from above for |K| — 1:

Virans < Y] < 2[g] or Virans < 2dg]. (24
If the system parameters are adjusted such that y = 0, the band (21) collapses and the

non-oscillatory term in x7 vanishes with the consequence that there is no transport, i.e. we
have dynamic localization.

3. Bichromatic driving

Let us consider a combined dc- and bichromatic ac-driving,

fr = fo— ficos(wit) — frcos(wat +6), (25
with a phase shift §. Note that this function is aperiodic for incommensurable frequencies
w; and w;, which is not necessarily true for a sum of two arbitrary periodic functions with
incommensurable periods; an example can be found in [11]. For commensurable frequencies
f; is periodic. The dc-bichromatic case has been investigated before. First results for a
biased semiconductor superlattice [6] and more recent studies [7] showed localization and
delocalization depending on the system parameters. In [8], these transport properties were
shown to depend sensitively on the number theoretic nature of the frequency ratios. Here we
will extend this analysis.

With fo = wg and u = fi/wy, v = fo/w>, We obtain

t
n; = / frdt = wpt — usin(w;t) — v sin(wyt + §). (26)
0

The function yx, in equation (11) which determines the dynamics can be expressed in terms of
Bessel functions using the generating function

)
eix sinz — Z ]Il- (x) eiuz. (27)
n=—00

With the abbreviation w,,,, = wp — uw; — vw; this yields

t t
X = / ge Mdr = g[ exp(—i(wpt — u sin(w;t) — v sin(wyt +6))) dr
0 0

(o] o0

=g ). X Juh@e” f dreion, (28)

JL=—00 V=—00 0
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The remaining integration is elementary; however, one has to distinguish the cases of resonant
and non-resonant driving.
In the resonant case, we have
WB = (W] + VW) (29)

for certain integers u, v. Let us denote the set of all indices w, v satisfying (29) by B. We
then have

1 . ot
Yo =1/2+28 Y Juu)d,(0) € — et 2 sin D, (30)
(0B Drv
with
2X iv
y="r=2 3 Llwe". (31)
(n,v)eB

If B # ¢ the first term in (30) is growing linearly in time and thus dominating the long time
dynamics. In this case we can observe transport.

It is instructive to have a brief look at the monochromatic driving first. This case is
recovered for v = 0, observing J,(0) = §, ¢ and hence

I ., . oyt
Y= yt/2+2g% Ju(u)w—#e w112 gin 7“ (32)
o

with w, = wp — pw; (cf [1, 9]). If the resonance condition wg = pw; is satisfied, we have
y =28J,(u) (33)

and therefore an average transport with velocity proportional to the Bessel function J,, (1) =
J.(fi/w1). This linear transport is superimposed by an oscillating part, which is periodic with
the Bloch period T3 for resonant driving. By adjusting the value of the driving amplitude f;
one can change the direction of the transport or bring it to a standstill for J,,(f1/w1) = 0, the
dynamic localization.

For bichromatic driving, the situation is more complicated and we distinguish two basic
cases [8]:

Incommensurable driving frequencies w, and w,. If the ratio w, /w is irrational, the resonance
condition (29) leads to wg /w; = p+vw,/w;. This can only be satisfied for a special irrational
value of the ratio wg/w;, for example by an appropriate dc-field Fy. These cases are of
measure zero and typically there is no transport. If, however, the system parameters are tuned
to special values satisfying the resonance condition (29), then there exists only a single pair
(e, v) € B as can be easily checked and we have transport with velocity

y =28u(w)Jy(v)e™. (34)
Commensurable driving frequencies w; and w,. If w,/w; = q/p for integers ¢ and p with no

common divisor and if the resonance condition (29) is satisfied for a particular pair (M, N)
one can find all solutions by (u, v) = (M — gk, N + pk) with k € Z, i.e.

B = {(M — gk, N + pk), k € Z}. 35)

This can be shown as follows: the resonance condition (29) can be rewritten as the Diophantine
equation

n=pu+qv with n = pwg/w, € Z. (36)

A solution (u, v) = (M, N) of this equation always exists if p and ¢ have no common divisor
and can be found systematically by, e.g., the Euclid algorithm [12]. We therefore have an
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Table 1. Transport properties for a bichromatically driven biased lattice with Bloch frequency wg.

wp/w; irrational wp /w; rational

wy/wy irrational  localization (transport possible)  localization
wy /) rational localization transport (localization possible)

infinite number of solutions. Note that the choice of the special solution (M, N) is arbitrary.
For rational frequency ratios function (31) is determined by three integers, p, ¢, n, and we can
express it in the convenient form

y =2geNgrd(y, v; ) (37)
in terms of the two-dimensional, one-parameter Bessel function
o0
TP, vi2) = Y Ty ge) Iy pi ()2 (38)
k=—o00

where (M, N) is an arbitrary solution of the Diophantine equation (36). An introduction into
the properties of two-dimensional Bessel functions can be found in [13].

The two-dimensional generalized Bessel functions (38) satisfy the inequality
|7 (u, v; z)| < 1/4/2 for n % 0. This implies that the maximum transport velocity

Utrans,max — |V| = 2|g||Jy{7q(u, v; eip8)| (39)

is bounded as |y| < /2g < 2g.
For commensurable driving frequencies w; and w,, w, /@1 = ¢/ p, and driving amplitudes
f1 f>, we have the following behaviour:

If the ratio wp/w; is irrational, condition (29) cannot be satisfied and we have no
transport.

If wp /w) is rational withn = pwg/w;, we typically have transport with transport velocity
proportional to J?(fi/wy, f2/w,). This transport can, however, be stopped for special
values of the system parameters and dynamic localization is observed. It should be noted
that this case is always met for pure ac-driving (wg = 0).

The transport and localization properties of a bichromatically driven system are
summarized in table 1. The following section considers some exemplary cases in more
detail.

4. Case studies for resonant driving

In this section, we will discuss the transport and localization properties in some more detail
for the most interesting case of resonant driving wg = pw; +vw,. The driving frequencies are
assumed to be commensurable, w,/w; = p/q with coprime integers p and ¢, where, w.l.0.g.,
we can choose p as the smaller one of these numbers. Let us recall that the ac-driving period
T is equal to an integer number of Bloch periods, 7 = nTg, where n can be expressed as
n = pM +¢gN with integer (M, N) € B. We will also assume that the force term is symmetric
intime, f(—t) = f(¢), i.e. the phase shift § in (25) is equal to zero, with the consequence that
the two-dimensional one-parameter Bessel functions reduce to simple two-dimensional ones
[13]. The transport properties of the system are then determined by the parameter

y =28J)u, v), (40)
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Figure 1. Transport coefficient y as a function of the parameters u = fj/w; and v = f>/w; for a
bichromatic driving with w, = 2w, at resonance with the Bloch frequency wg, i.e. w1 + @y = nws.
Shown are examples for n = 1 (left and middle) and n = 29 (right), where the figure in the middle
shows y for a fixed parameter v =1 and n = 1.

(This figure is in colour only in the electronic version)

site—index
< N(t) >
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Ty t/T,

Figure 2. Left: dynamics of a Gaussian wave packet with initial momentum xop = —m /2 for a
bichromatic driving with amplitudes v = 1 and u = —4.68 in a greyscale plot. Right: position
expectation value (N (1)) for ko = —m /2 (solid line) and ko = 0 (dash-dotted line) in comparison
with the transport coefficient y¢ (dashed line).

with variables u = f1/w; and v = f,/w,. In this case y is real and its sign, the sign of the
Bessel function, directly gives the direction of transport. Here we are in particular interested
in the parameter values leading to dynamic localization. These values are given by the zeros
of J/%(u, v), i.e., the nodal lines of the two-dimensional Bessel function.

In previous studies the special case of the bichromatic driving with w, = 2w, attracted
most attention and we will start with this special case in the following. For simplicity
we fix g = 1 and w; = 1. The resonance condition for the static field (36) then reads
n = wg/w; = fo/w;. In our first examples we fix the amplitude of one driving as f> = w,
ie v = 1, and consider the case wg = wj, i.e. n = 1. The transport coefficient given by
y =2J ll’z(u, v) is shown in figure 1 in dependence of u and v (left-hand side) and for v = 1
fixed (middle). Numerically we find a global maximum at # = —4.68 and a nodal line at
u=—6.49 forv = 1.

We consider the time evolution of a broad Gaussian wave packet

W (t = 0)) ~ > exp(—£7/(20)* +ixol)| L) (41)
4

with ¢ = 10. For such a broad Gaussian wave packet the coherence parameter K is given by
|K| ~ 1 and k =~ k. The left-hand side of figure 2 shows the dynamics of such a wave packet
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Figure 3. Left: dynamical localization. For u = —6.49 any wave packet is localized around
n = 0 regardless of the initial momentum. The evolution of the position expectation (N (t)) is
shown for ko = —m/2 (solid line) and k9 = 0 (dash-dotted line). Right: dispersion of a Gaussian
wave packet with kg = —m/2 for u = —4.68 (transport, solid line) and u = —6.49 (dynamical
localization, dashed).
for kg = —m /2, which is rapidly transported. The right-hand side shows the expectation values
(N (1)) of the position for k9 = 0 and kg9 = —m /2. The transport coefficient y¢ is shown as
a dashed line for comparison. The sine in equation (12) is approximately 1 for kg = —m /2

such that the fastest possible transport is observed which is given by yt. For «y = 0 the
sine in equation (12) is approximately zero so that the wave packet stays at rest. However,
this localization is only due to the special initial state chosen in this example. Depending on
the value of g, the wave packet will be transported with a velocity in the interval [—y, y].
Localization, i.e. Vyqns = 0, is only found for kg = 0.

The situation is different for u = —6.49, for which Jll’z(u, v) = 0, i.e., dynamical
localization is found. Now every wave packet will be localized regardless of its initial
momentum «. This is illustrated in figure 3 on the left where the position expectation value
(N (1)) is shown for kg = 0 and ko = —m /2. The right-hand side of figure 3 shows the
time evolution of the width of the wave packet with ko = 0 for u = —4.68 (transport) and
u = —6.49 (dynamical localization). As the dispersion is also governed by the function |x;|,
no broadening is observed in the case of dynamical localization.

Next we consider an example, where the field amplitudes are large in comparison to the
driving frequencies. Thenn = fy/w > 1 as well as u, v > 1 and asymptotic approximations
for the relevant Bessel functions are available [13]. In fact we consider a driving amplitude
v = —20 and a static field strength with n = 29. Dynamical localization is observed if the
driving amplitudes u is chosen such that leg'z(u, v) = 0. Explicit estimates for these values
are derived from the asymptotic approximations of this Bessel function. For n < 2|v|, one

finds
1 Qj+1Z
p T
Y S A even j=0,41,42, ... 42)
2 4v jm n odd

and for n > 2|v|, withv < 0,

n T
- — — = 2j)—, j=0,+1,+2,.... 43
u 2 T T (n+ ])2 Jj (43)

The smallest non-zero values of u for which dynamical localization is predicted by these
formulae are u; = 3.38 and u, = 6.77, while we find u; = 3.37 and u, = 6.75 numerically.
Figure 4 shows the time evolution of the position expectation value for u; = 3.37 (left) and
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Figure 4. Dynamical Localization for n = 29, v = —20 and u = 3.37 (left) and transport for
u = 5 (right). The mean transport is given by y¢, which is plotted as dashed line for comparison.

for us = 5 (right), each for ko = —m /2. Clearly the wave packet stays at rest and does not
show any systematic dispersion for u; = 3.37. Transport is found for #3 = 5, where the mean
transport is given by yt. However, transport is much slower than for n = 1, as illustrated in
figure 2.

Let us emphasize that the algebraic method used in the present paper is not restricted to
any particular initial quantum state. This is of particular interest for the study of transport
phenomena of extended quantum states. Numerical studies become extremely difficult in this
case, since the construction of transparent boundary conditions mostly relies on the localization
of the initial wavefunction (see [14] for a recent review). Using the Lie-algebraic approach, the
dynamics of the expectation values and thus the transport velocity (13) depends on the initial
state only via the coherence parameters (6). For example, a plane wave with quasi-momentum
ko yields the parameters |L| = |K| = 1, k = ko, v = 2k¢ and J = 0. The width (14) remains
exactly constant and the transport velocity is given by

Vgrans = 2 Sin(¢t - KO)|Xt |/t (44)

5. Polychromatic driving

In view of the rich transport and localization behaviour for bichromatic driving, one may
expect additional surprising effects for general time periodic, however polychromatic driving.
This is indeed the case, however, only few such studies have been reported up to now in
particular for a periodic rectangular force [2, 15]. This case allowing a closed form solution,
is discussed in the following section. The general case is briefly outlined in section 5.2.

5.1. Flipped fields and shuttling transport

Let us consider a rectangular force term

fi 0<t <aT

with0 < a < land f(t+7T) = f(¢). For this flipped static force excitation the time-averaged
field is

Jfo=afi +bf, b=1-a, (46)
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where we can assume f; > 0. For the choice f, = — f}, the force (45) reduces to the case
studied in [15] (note that there the time scale is shifted). The even more specialized case
a = 1/2 with period T = 21/ f, the Bloch period for a constant field fi, is discussed in [16]
and briefly at the end of [2] (note that in this case we have fy = 0).

For the flipped field excitation (45), the functions 7, and x; in (11) can be calculated by
elementary integration:

fit 0<t<arl

= 4
"= fiaT + ot —aT) aT <t <T “7)
NesT = N 175 nr = fiaT + LbT = foT. (48)
L1 =iy 0<t<al
ifi
X=1 g ‘ geifial ‘ 49)
S (1 —eMely L 27 (] — e if2lmaD)) aT <t <T
if] if2
and
Xior =€ X0+ X1 (50)
xr = (1 — e Ty 4 K (el _ il (51)
ifi if2
With fy = wp and w = 2/ T, we see that for the case of resonant driving, wg = nw, we
have foT = 2mn, xy7 = kxr for k = 1,2,.... This implies an overall transport of the

A

expectation value (), with a velocity determined by

:2£=4—g<i—l)ei"fz'r sin 1L (52)
T T \fi £ 2

For afiT = 2um with u = 1,2, ..., we have y = 0, i.e. dynamical localization. The
maximum transport velocity

4g (1 1\ . afiT
Vtrans = [V T (ﬁ fz) sin = ' < 2[g] (53)

is obtained when the phase is adjusted as «d + arg(y) = «d —afiT/2 = Qu + D)m/2
according to (23).

These findings can be easily explained in terms of Bloch oscillations for the time intervals
with constant force f} and f, with Bloch periods Ty = 27/f) and Tgy = 27/| f>|, respectively.
If afiT = 2um with u € N, we have b| f>|T = 2vm with v € N for resonant driving,
fo=afiT +bf,T = 2nm. The wave packet carries out  full Bloch oscillations in the first
time interval and v in the second and there is no directed transport. For af\T = 2u + )m,
however, we also have a| f,|T = 2v+ 1)z (i, v € N) and therefore a motion over a distance
Ly = G/F, = 4gd/f; in the first time interval aT and L, = G/F, = 4gd/f, in the second
time interval bT , however in the opposite direction. The average transport velocity is

L1+L2_4gd 1 1

T T | i f2

Vlrans -

(54)

in agreement with (53).

Let us briefly consider the most simple case where a static field f with Bloch period T =
2r/f is flipped after each half of a Bloch period, i.e. we have f1 = —f, = f,a=1/2, fo, =0
and a period T = Tg. This yields a transport velocity

4
Vtrans = ﬁ s (55)
4
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Figure 5. Numerical time propagation of a Gaussian wave packet in a cos-potential for a flipped
field f; = —f» = 0.0003 and @ = 0.5.
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Figure 6. Numerical time propagation of a Gaussian wave packet for a flipped field f; = —f, =

0.0003 and a = 1/4.

which is smaller than the maximum possible value 2|g| by a factor of 2/x. It is remarkable
that the velocity of this field induced transport is independent of the field amplitude f.

The analysis above is based on a tight-binding model, Numerically exact wave packet
propagation can be used to check the validity of these predictions for realistic potentials. As
an illustrating example, figures 5 and 6 show the propagation of an initially broad Gaussian
wave packet in position space,

¥ (x, 1t =0) ~exp(—x%/(25)?), s = 157 (56)

(we use units with # = 1) in a potential V(x) = (1/8) cosx for a flipped F(¢) field with
|F| = 0.0003 and f; = — f>. In the first case shown in figure 5 the static force is flipped after
each half-period of the Bloch time (¢ = 1/2), i.e. the average field f; vanishes (see also [2] for
a similar calculation). One observes that the wave packet moves almost dispersionless with a
velocity Vians = —78d/Tg, which agrees with the prediction of the tight-binding model for
the actual bandwidth G = 0.0741. Note that the direction of transport is determined by the
direction of the Bloch oscillation at time # = 0, i.e. in the negative direction in the present case
with initially positive f. In order to demonstrate this clearly, figure 6 shows the same system
as before, however for a doubled excitation period T and a = 1/4, i.e. a negative average value
of fy. The wave packet moves in the same direction as before, i.e. opposite to the average
negative gradient of the potential. Note that the transport velocity is reduced by a factor of 2,
because of the increased value of T. This behaviour can be easily understood by observing that



2310 A Klumpp et al

in the second half of the excitation period, the system undergoes a full Bloch oscillation
without a net transport.

5.2. General polychromatic driving

The two simple cases analysed above, mono- or bichromatic fields or binary-flipped
piecewise constant fields allow a quite extensive analytical analysis. Let us finally briefly
address a general polychromatic driving field following [9]. For simplicity we will assume
f (@) = f(t+T) to be symmetric in time, f(—t) = f(¢), with Fourier expansion

oo
fi=fo=_ fucos(mor), w=21/T. (57)
m=1
Let us recall that in the units chosen here the dc-component is equal to the Bloch frequency
fo = ws, and the function 7, in equation (11) is

= wpt — ) Busin(mer), B = fu/mo. (58)

m=1

This yields

t t 0
X = g/ e i dr = g/ exp (—ia)gt +iZﬁm sin(mwr)) dr
0 0

m=1

& 2 2D [ e (59)

V=—00

in terms of the infinite-variable Bessel functions [17, 18]

exp (iZﬂm sinmu) = Z Jo({Buh) e ™. (60)

m=1 V=—00
For resonant driving, wg = nw, the final result is
wyt

%o = 8 (1B )i +28 ; A({ﬁmnwiv et/ sin 2L 61

where we have set w, = wg — vw. In the non-resonant case the first term is absent and the
sum extends over all integers. Specializing again to mono- or bichromatic driving this result
reduces to those derived in section 3.

For resonant driving, wg = nw, we have w, = (n — v)w and the oscillating part in (61)
vanishes at times which are integer multiples of the driving period 7. The average transport
velocity is then given by

2| xr]
T

Dynamical localization effects will be observed if the system parameters are tuned to a zero
of the infinite-order Bessel function J, ({,,}).

The closed form result for the transport velocity in (62) is a generalization of the formula
(39) derived for bichromatic driving. For the very special case of a flipped rectangular field,
the closed form solution presented in section 5.1 is, of course, superior to the general solution.

= 18Jn({Bu DI (62)

Vgans = |V | =
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6. Concluding remarks

We have shown that the dynamics of a quantum particle in a one-dimensional periodic potential
(lattice) under the action of a static and time-periodic field shows quite intricate transport and
localization phenomena, even in the relatively simple case of bichromatic driving which
depend sensitively on the communicability relations between the two excitation frequencies
and the Bloch frequency. The theoretical analysis based on a nearest-neighbour tight-binding
model allows a convenient closed form description of the transport properties in terms of
generalized Bessel functions. In particular, conditions for the system parameters leading to
localization are derived.

The case of polychromatic driving is also discussed, in particular for flipped static fields,
i.e. rectangular pulses, which can support an almost dispersionless transport with a velocity
independent of the field amplitude.

Such fields, which can be quite easily realized experimentally, offer interesting
possibilities for the control of quantum transport and the manipulation of wave packets as
for instance cold atoms in optical lattices.

Finally it should be noted that it offers also some advantage to modify the spatial period
of the lattice. For example, a double periodic lattice, a superposition of two periodic structures
with period d and 2d has been studied recently [19, 20]. It allows controlled Landau—Zener
tunnelling which can also be employed for a manipulation of matter waves.
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